Abstract In this article, we consider a class of neutral impulsive shunting inhibitory cellular neural networks with time varying coefficients and leakage delays. We study the existence and the exponential stability of the piecewise differentiable pseudo almost-periodic solutions and establish sufficient conditions for the existence and exponential stability of such solutions. An example is provided to illustrate the theory developed in this work.
Introduction
Neural networks have been extensively applied, recently, in many areas such as optimization problems, pattern recognition, signal processing, image processing, associative memories and many other fields (Abbas et al. 2014; Ammar et al. 2012; Aouiti et al. 2016; Bai 2008 Bai , 2009 Benucci et al. 2007; Cao et al. 2016; Chua and Yang 1988; Huang et al. 2002; Mattia and Sanchez-Vives 2012; Roska and Chua 1992; Tagluk and Tekin 2014; Wei et al. 2014; Zhu et al. 2015) .
As is well known, both in biological and man-made neural networks, delays are inevitable, due to various reasons. For instance, time delays can be caused by the finite switching speed of amplifier circuits in neural networks. Time delays in the neural networks make the dynamic behaviors become more complex, and may destabilize the stable equilibria and admit oscillations, bifurcation and chaos. Thus, it is very important to study the dynamics of neural networks delay (Ammar et al. 2012; Aouiti et al. 2016; Bai 2008 Bai , 2009 Chua and Yang 1988; Huang et al. 2002; Jiang and Cao 2006; Jiang and Teng 2004; Roska and Chua 1992; Xia 2014; Xiang and Cao 2009; Yang and Cao 2012; Zhao 2008) . In particular, the time delay in the negative feedback terms which is known as leakage has a tendency to destabilize the system (Gopalsamy 2007; Hu et al. 2014; Song and Cao 2012) and have great impact on the dynamical behavior of neural networks (Li and Cao 2010) . This is to say, it is necessary to consider the effect of leakage delays when studying the stability of state estimation of neural networks. Up to now, recurrent neural networks with leakage delays have been widely investigated in the literature (Gao et al. 2014) .
In real world, many evolutionary processes are characterized by abrupt changes at certain time. These shortterm perturbations are often treated as having acted instantaneously or in the form of impulses. These phenomena are included in many fields such as physics, chemistry, population dynamics, optimal control (Chérif 2014; Kumar et al. 2016; Pan and Cao 2011; Rakkiyappan et al. 2010; Xia 2016; Wang 2015, 2016) . It is well known that the study on dynamical systems not only involve a discussion of stability, but also involve many dynamical behaviors such as pseudo almost periodic phenomenon, bifurcation and chaos (Chen and Cao 2002; Chen and Zhao 2008; Chérif 2012; Fan and Shao 2010; Gao et al. 2014) . A central subject in this paper is the concept of pseudo-almost periodicity which it was introduced by Zhang (1994 Zhang ( , 1995 . Note that the concept of pseudo almost periodic function generalizes the class of almost periodic functions in the sense of Bohr. Shunting inhibitory cellular neural networks (SICNNs), which introduced by Bouzerdoum and Pinter (1993) , have been studied and developed extensively in the past few decades by many authors due to their extensive applications in psychophysics, speech, perception, robotics, adaptive pattern recognition, vision, image processing and many other fields. We refer the reader to Bouzerdoum and Pinter (1993) , Chen and Cao (2002) , Chen and Zhao (2008) , Chérif (2012) , Ding and Ye (2009) , Fan and Shao (2010) , Liu et al. (2007 Liu et al. ( , 2006 , Ou (2009) , Shao et al. (2009) and Wu (2011) . Consider a two-dimensional grid of processing cells, let C ij denote the cell at the (i, j) position of the lattice, the r-neighborhood N r ði; jÞ of C ij is given as N r ði; jÞ ¼ fC kl : maxðj k À i j; j l À j jÞ r; 1 k m; 1 l ng:
In SICNNs, neighboring cells exert mutual inhibitory interactions of the shunting type. The dynamics of a cell C ij are described by the following nonlinear ordinary differential equation: In a recent paper, Li et al. (2012) considered the following SICNN with continuously distributed delays of neutral type: Inspired by these works, in this paper we consider the following impulsive shunting inhibitory cellular neural networks with time-varying coefficients and leakage delays of neutral type (NISICNN): 
where N q ði; jÞ and N p ði; jÞ are similarly specified, x ij ð:Þ is the activity of the cell C ij , L ij ð:Þ is the external input to C ij , a ij ð:Þ [ 0 represents the passive decay rate of the cell activity, B kl ij ð:Þ, D kl ij ð:Þ and C kl ij ð:Þ are the connection or coupling strength of postsynaptic activity of the cell transmitted to the cell C ij , and the activity functions g(.), h(.) and f(.) are continuous functions representing the output or firing rate of the cell C kl , qð:Þ and sð:Þ are bounded, continuous function, corresponding to the transmission delays with 0 qðtÞ q þ ; 0 sð:Þ s þ for t 2 R where q þ and s þ are constants, the sequence ft w g has no finite accumulation point and I w : R n À! R n . The initial conditions associated with (1) are of the form:
x ij ðsÞ ¼ u ij ðtÞ; t 2 ðÀ1; 0; i ¼ 1; 2; . . .; n; j ¼ 1; 2; . . .; m;
where uð:Þ are real-valued piecewise continuous functions defined on ðÀ1; 0. In the present paper, the concept of piecewise pseudo almost periodic functions is introduced and some necessary results are obtained, after that, by using fixed point theory in Banach space and Gronwall-Bellmans inequality technique, the existence and exponential stability of pseudo almost periodic solutions for model (1) are established.
Throughout this paper, We introduce the following assumptions:
and j gðuÞ j M g ; j hðuÞ j M h ; j f ðuÞ j M f , for all u 2 R: Furthermore, we suppose that gð0Þ ¼ hð0Þ ¼ f ð0Þ ¼ 0.
(H2)
For all 1 i m, 1 j n the kernel K ij : ½0; þ1½À! R satisfies, for some positive constant K
For all 1 i m, 1 j n, the functions t À! a ij ðtÞ and the functions t À! qðtÞ and t À! sðtÞ are almost periodic functions with inf I w 2 PAPðZ; R n Þ and there exists a constant L 1 such that 0 L 1 \1 and
The rest of this paper is organized as follow. In ''Preliminaries'' section, we will recall the basic properties of the piecewise pseudo almost periodic functions. In third section, we prove the ''Existence of piecewise differentiable pseudo almost periodic solutions'' of (1) in the suitable convex set. The 4 ''Exponential stability of piecewise differentiable pseudo almost periodic solutions'' for (1) is discussed in fourth section. A numerical example is given in ''Illustrative example'' section to illustrate the effectiveness of our results. Finally, we draw ''Conclusion'' in last section.
Preliminaries
Throughout this paper, we will first recall some basic definitions and lemmas which are used in what follows.
-N, Z and R stand for the set of natural numbers, integer numbers and real numbers, respectively. -CðR; R n Þ: the set of continuous functions from R to R n . -BCðR; R n Þ: the set of bounded continuous functions from R to R n . Note that ðBCðR; R n Þ; k : k 1 Þ is a Banach space where k : k 1 denotes the sup norm
-Let T be the set consisting of all real sequences
It is immediate that this condition implies that lim i!þ1 t i ¼ þ1 and
the space of all piecewise continuous functions f : R ! R n such that -f(.) is continuous at t for any t 6 2 ft i ; i 2 Zg,
for t 2 ½Às;0;f ðt þ Þ existsonR and f ðt þ Þ ¼ f ðtÞ forallbutatmost afinite numberof points on½Às;0:g;
for all but at most a finitenumber of points on ½Às; 0:g; -
Definition 1 (Fink 1974) A function f 2 CðR; R n Þ is called (Bohr) almost periodic if for each e [ 0 there exists LðeÞ [ 0 such that every interval of length LðeÞ [ 0 contains a number s with the property that k f ðt þ sÞ À f ðtÞ k 1 \e; for each t 2 R.
The number s above is called an e-translation number of f, and the collection of all such functions will be denoted as APðR; R n Þ.
Definition 2 (Chérif 2012) A sequence fx n g is called almost periodic if for any [ 0, there exists a relatively dense set of its -periods, i.e., there exists a natural number l ¼ lðÞ, such that for k 2 Z, there is at least one number p in ½k; k þ l, for which inequality k x nþp À x n k \ holds for all n 2 N. Denote by APðZ; R n Þ, the set of such sequences.
Remark 1 Notice that 1. A sequence vanishing at infinity is a PAP 0 ðZ; RÞ sequence. 2. The sequence ðxðnÞÞ n2Z defined by
& is an example of a PAP 0 ðZ; RÞ sequence which not vanishing at infinity. 3. For k 2 N, the sequence ðxðnÞÞ n2Z defined by
( is an example of an unbounded PAP 0 ðZ; RÞ sequence.
Denote by PAPðZ; R n Þ the set of such sequences.
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Definition 4 (Samoilenko and Perestyuk 1995) A function f 2 PCðR; R n Þ is said to be piecewise almost periodic if the following conditions are fulfilled: We denote by AP T ðR; R n Þ the space of all piecewise almost periodic functions. Obviously, AP T ðR; R n Þ endowed with the supremum norm is a Banach space. Throughout the rest of this paper, we always assume that ft j i g are equipotentially almost periodic. Let UPCðR; R n Þ be the space of all functions f 2 PCðR; R n Þ such that f satisfies the condition (2) in Definition 4. Define
Definition 5 (Chérif 2012) A function f 2 PCðR; R n Þ is said to be piecewise pseudo almost periodic if it can be decomposed f ¼ g þ h, where g 2 AP T ðR; R n Þ and
Denote by PAP T ðR; R n Þ the set of all such functions. PAP T ðR; R n Þ is a Banach space when endowed with the supremum norm.
Remark 2 The functions g and h in Definition 5 are respectively called the almost periodic component and the ergodic perturbation of the pseudo almost periodic function f. The decomposition given in Definition 5 is unique. For instance, the function
is a piecewise pseudo almost periodic function, where
Hence, it is easy to see that f(.) is more general than our traditional piecewise almost periodic functions since the ergodic perturbations are introduced.
Lemma 1 (Zhang 2003) Suppose that both functions f and its derivative f 0 are in PAPðR; RÞ: That is, f ¼ g þ h and f 0 ¼ g 0 þ h 0 , where g; g 0 2 APðR; RÞ and h; h 0 2 PAP 0 ðR; RÞ. Then the functions g and h are continuous differentiable.
Remark 3 Let E ¼ ff j f ; f 0 2 PAPðR; R n Þg equipped with the induced norm defined by
Follows from Zhang (2003) that ðPAPðR; R n Þ; k : k E Þ is a Banach space. admits an exponential dichotomy on R.
Lemma 3 (Lin and Lin 2000)
The inhomogeneous linear system x 0 ðtÞ ¼ ÀcðtÞxðtÞ þ f ðtÞ has a unique bounded solution for a vector f 2 CðR; R n Þ if and only if the inhomogeneous linear system (2) has exponential dichotomy.
For all xðtÞ ¼ ðx 11 ðtÞ; . . .; x ij ðtÞ; . . .; x mn ðtÞÞ 2 R mÂn , we define the norm k xðtÞ k¼ max ði;jÞ fj x ij ðtÞ jg Here, we introduce the phase space PCððÀ1; 0; R mÂn Þ as a Banach space of piecewise continuously mappings from ðÀ1; 0 to R mÂn . For all u ¼ ðu 11 ðtÞ; . . .; u ij ðtÞ; . . .; u mn ðtÞÞ T 2 PCððÀ1; 0; R mÂn Þ we define the norm
The initial conditions associated with (1) are of the form
where s 2 ðÀ1; 0; i ¼ 1; 2; . . .; m and j ¼ 1; 2; . . .; n:
Theorem 1 (Aliprantis and Boreder 1999) (Fubini's Theorem) Assume that l : S 1 À! ½0; 1 and m : S 2 À! ½0; 1 are measures on two semirings of subsets of the sets X and Y, respectively. If f : X Â Y À! R is a l Â m-integrable function, then both iterated integrals R R fdmdl and R R fdldm exist and
Existence of piecewise differentiable pseudo almost periodic solution
In this section, we establish some results for the existence of the piecewise differentiable pseudo almost periodic solution of (1). For convenience, we introduce the following notations:
ij ðtÞ j;
Lemma 4 Theorem 3 Under the conditions (H1)-(H5) and assume that there exist nonnegative constants L; d and q such that d\1; q\1 then the impulsive delayed SICNNs (1) has a unique piecewise differentiable pseudo almost periodic solution in the region B ¼ fu;
g; where
Exponential stability of piecewise differentiable pseudo almost periodic solution
To study the exponential stability of (1) 
for t 2 ½0; 1Þ, i ¼ 1; 2; . . .; n Lemma 10 Let s ! 0 be a given real constant. Assume that p(t) and q i ðtÞði ¼ 1; 2Þ be continuous functions on ½0; þ1Þ, k(s) be nonnegative function on on ½0; þ1Þ and satisfies that R þ1 0 kðsÞds k and R þ1 0 kðsÞe ls ds þ 1 for positive constant l. Moreover, assume that there exist positive constants g and M such that pðtÞ À q 1 ðtÞ À kq 2 ðtÞ ! g [ 0; 0 q 1 ðtÞ M; 0 q 2 ðtÞ M; 8t ! 0;
Proof See ''Appendix 6''. h 
Then we have
. . .; m, j ¼ 1; 2; . . .; n and w 2 N Ã . Then for all t ! 0, i ¼ 1; 2; . . .; m and j ¼ 1; 2; . . .; n, there exists a positive constant e L such that
where k Ã is defined, respectively, as
Proof See ''Appendix 7''. h Theorem 4 Assume that (H1)-(H6) hold, then the unique piecewise differentiable pseudo almost periodic solution of system (1) is globally exponentially stable.
Proof See ''Appendix 8''. h
Illustrative example
In this section, we will give an example to illustrate the feasibility and effectiveness of our main results obtained in previous sections. Considering the following neutral impulsive shunting inhibitory cellular neural networks with time-varying coefficients and leakage delays, for 1 i 2 and 1 j 2; 
where
Dx 12 ð2wÞ Dx 21 ð2wÞ 
Conclusion
In recent years impulsive neural networks have been intensively researched and some qualitative properties (oscillation, asymptotic behavior and stability) are investigated. So, in this paper sufficient conditions for existence, uniqueness and exponential stability of piecewise differentiable pseudo almost periodic solutions for neutral impulsive shunting inhibitory cellular neural networks with time-varying coefficients and leakage delays are obtained. The results are obtained by fixed point theorem, Lyapunov functional method and differential inequality techniques. We also provide numerical simulations to support the theoretical result.
Appendix 1: Proof of the Lemma 6
Proof We have u ¼ u 1 þ u 2 ; where u 1 2 AP T ðR; RÞ and u 2 2 PAP 0 T ðR; RÞ:
Firstly, it follows from Theorem 2.11 in Li and Wang (2011) that E 1 ð:Þ 2 AP T ðR; RÞ. Then, we show that E 2 ðtÞ 2 PAP Let t w \t t wþ1 . For e [ 0, let X e be a relatively dense set of R formed by e-periods of u kl . For s 2 X e and 0\h\ minfe; Since u kl 2 AP T ðR; RÞ, one has j u kl ðt þ sÞ À u kl ðtÞ j e, for all t 2 ½t ' þ h; t 'þ1 À h and ' 2 Z; ' w; then X wÀ1 Similarly, one has
t 'þ1 Àh j K ij ðt À sÞ jj u kl ðs þ sÞ À u kl ðsÞ j ds Proof First, note that, for all 1 i m, 1 j n the function (ii) Since F 1 ij 2 AP T ðR; RÞ, for e [ 0, there exists a relatively dense set X e such that for s 2 X e , t 2 R, j t À t w j [ e, w 2 Z, then we obtain immediately that, G 1 ij 2 AP T ðR; RÞ. Now, we turn our attention to G 
On the other hand, notice that j Since ft w j g; w; j 2 Z are equipotentially almost periodic, then (see Lemma 3.2, Xia 2016), for any e [ 0, there exists relative dense sets of real numbers X e and integers Q e , such that for t w \t t wþ1 , s 2 X e , q 2 Q e , j t À t w j [ e, j t À t wþ1 j [ e, w 2 Z, one has
So, U 1 ð:Þ 2 AP T ðR; RÞ.
Next, we show that U 2 ð:Þ 2 PAP 0 T ðR; RÞ. For a given w 2 Z, define the function G(t) by Proof One has
After
. Clearly, B is a closed convex subset of PAP T ðR; R mÂn Þ and, therefore, for any u 2 B by using the estimate just obtained Lemmas 2, 3, 7 and 8 we see that 
it implies that C 2 B. So, the mapping C is a self-mapping from B to B. Next, we prove that the mapping C is a contraction mapping of the B. In fact, in view of (H1) 
which prove that C is a contraction mapping. Then, by virtue of the Banach fixed point theorem, C has a unique fixed point which corresponds to the solution of (1) 
which is a contradiction with (17).
(ii) There exists w 0 2 N Ã such that t ¼ t w 0 . By (16) 
which is a contradiction. From (I) and (II), (15) 
By (5) and (H5) we have
By ( 
where k Ã is defined in (7).
This finishes the proof of Theorem 4. h
